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We present stationary, nonextremal three charge rotating black hole solutions in the five-
dimensional U(1)3 ungauged supergravity. At infinity, our solutions behave as a four-dimensional
flat spacetime with a compact extra-dimension and hence describe spherical black holes with Kaluza-
Klein asymptotics.
PACS numbers: 04.50.+h 04.70.Bw
Higher dimensional black holes have played an impor-
tant role in understanding basic properties of fundamen-
tal theories, such as string theory. A number of interest-
ing solutions of higher dimensional, asymptotically flat
black holes have been discovered recently [1–21], show-
ing much richer structure of their solution space than
that of four-dimensional black holes. However, since
our real world is macroscopically four-dimensional, extra-
dimensions must be compactified in realistic, classical
spacetime models. The assumption of asymptotic global
flatness becomes relevant in the context of a certain type
of braneworld models or ADD models in which size of
higher dimensional black holes can be much smaller than
the curvature radii of the AdS spacetime or the size of
compact extra-dimensions. Therefore it is of great in-
terest to strudy higher dimensional Kaluza-Klein black
holes, which look like four-dimensional, at least at large
distances, while behave as higher dimensions near the
event horizon. In that context, finding such Kaluza-Klein
solutions with compactified extra dimensions and classi-
fying them may also help us to get some insights into the
open problem of how to compactify and stabilize extra-
dimensions in string theory. In recent years, a lot of
Kaluza-Klein black hole solutions have been found and
have shown us various physically interesting aspects [22–
36].
In this brief report, we construct stationary charged
rotating Kaluza-Klein black hole solutions in the bosonic
sector of the five-dimensional U(1)3 ungauged supergrav-
ity, using so-called squashing transformation, by which
we mean that one first regards the S3 sections of a five-
dimensional asymptotically flat black hole spacetime as
a fibre bundle of an S1 over an S2, and then performs
the deformation that changes the ratio of the radii of the
fibre S1 and the base S2. The resultant black hole space-
time behaves as a four dimensional Minkowski spacetime
with a compactified 5-the dimension at infinity, while it
looks like a five-dimensional spacetime near the horizon.
Here, applying this deformation to the five-dimensional
Cveticˇ-Youm [14] solutions with equal angular momenta,
we obtain the non-extremal Kaluza-Klein black hole so-
lutions with three electric charges and an angular mo-
mentum (or a momentum) along the 5-th dimension in
the same theory.
The Lagrangian of the bosonic sector of D = 5 un-
gauged supergravity is given by
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Our solutions are written as follows
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2where left-invariant 1-forms σi on S
3 are given by
σ1 = cosψdθ + sinψ sin θdφ, (7)
σ2 = − sinψdθ + cosψ sin θdφ, (8)
σ3 = dψ + cos θdφ, (9)
and, the functions (R,Hi, f1, f2, Y ) are
R = r2 (H1H2H3)
1/3 , Hi = 1 +
µs2i
r2
, (10)
f1 = R
3 + µl2r2 + µ2l2[2(c1c2c3 − s1s2s3)s1s2s3
−(s21s22 + s22s23 + s21s23)], (11)
f2 = µl(c1c2c3 − s1s2s3)r2 + µ2ls1s2s3, (12)
Y = r4 − µr2 + µl2, (13)
with the constants si = sinh δi, ci = cosh δi (i = 1, 2, 3),
and the function k(r) is
k(r) =
Y (r∞)
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with the constant r∞. The ranges of the coordinates
(r, φ, θ, ψ) are
0 < r < r∞, 0 ≤ φ < 2π, 0 ≤ θ < π, 0 ≤ ψ < 4π. (15)
In eq.(5), (i, j, k) take different indices (i 6= j 6= k 6= i).
Note this solutions can be obtained by replacing the 1-
forms, (σ1, σ2), in the five-dimensional Cveticˇ-Youm so-
lution [14] of equal angular momenta with the deformed
1-forms, (
√
k(r)σ1,
√
k(r)σ2), and leaving the 1-form,
σ3, unchanged. One can regard each S
3 section of a
r=constant surface as an S1 fibre bundle over an S2 base
space. We would like to point out that by this transfor-
mation, the ratio of the S1 radii to the S2 radii is dras-
tically changed particularly at infinity, and the round
S3 of spatial infinity are squashed. The form (14) of
the function, k(r), is determined by actually substitut-
ing the deformed metric into the Einstein equation and
integrating the ordinary derivative equation to the func-
tion k(r). One can easily see that the undeformed gauge
potentials (5) and scalar fields (6) are still solutions to the
equations derived from the action (1) by taking the fol-
lowing point into consideration: Under this deformation,√−det g, (F i)2 and (∂ϕi)2 turn out to be transformed
into k(r)2
√−det g, k(r)−2(F i)2, and k(r)−2(∂ϕi)2, re-
spectively and therefore, the actions for the Maxwell
fields and the scalar fields are both invariant.
The horizons are located at the values, r± = ((µ ±√
µ2 − 4µl2)/2)1/2, of r (0 < r < r∞) satisfying the
equation Y = r4−µr2+µl2 = 0, and hence the necessary
and sufficient condition that the spacetime admits two
horizons and no closed timelike curve in the domain of
outer communication is given by
4l2 < µ < 2r2∞, r
4
∞ − µr2∞ + µl2 > 0, f1(r+) > 0. (16)
Note that since the spacetime metric (4) is analytic out-
side the outer horizon, the domain of outer communica-
tion turns out to be regular everywhere.
The squashing transformation cuts off the region r >
r∞ of the spacetime but it turns out that r = r∞
corresponds to spatial infinity since the proper length∫ r√
grrdr diverges in the limit r → r∞. Therefore, in
order to see the asymptotics of the obtained solutions,
we had better define the physically clear, new radial co-
ordinate ρ by
ρ = ρ0
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r2∞ − r2
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and, furthermore, introduce the new coordinates (t¯, ψ¯)
defined by
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Then, in terms of these coordinates, the metric at infinity
ρ→∞ (r → r∞) behaves as
ds2 ≃ −dt¯2 + dρ2 + ρ2(dθ2 + sin2 θdφ2)
+
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4R(r∞)2
(dψ¯ + cos θdφ)2 +O(ρ−1). (21)
It is clear that the asymptotic metric has the structure of
an S1 bundle over the four-dimensional Minkowski space-
time and the spatial infinity is an S1 fibre bundle over
the S2 base space.
Next, let us see the relation between the asymptotic
charges and the constants appearing in asymptotic form
of the metric and gauge potentials. The asymptotic
charges should be defined as boundary integrals over the
spatial infinity. Since we are concerned with station-
ary, axisymmetric spacetimes with Killing symmetries,
the conserved charges, a mass M , an angular momen-
tum Jφ along the 4-th dimension, an angular momentum
(a momentum) Jw along the 5-th dimension and electric
charges Qi are computed as follows,
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where the prime ′ denotes ∂r2 and L = 2
√
gψψ(r∞).
Finally, we consider various limits to known solutions
in the five-dimensional supergravity.
(i) the limit to the ungauged minimal supergravity: As
is well known, when A1 = A2 = A3, the action coincides
with that of the bosonic sector in the five-dimensional un-
gauged minimal supergravity, i.e., the Einstein-Maxwell-
Chern-Simons theory with a certain value of the coupling
constant. For our solutions, this can be achieved by set-
ting δ := δ1 = δ2 = δ3, and in fact redefining the pa-
rameters by r2 → r2 − µs2, µ s2+c2
2
→ m, µsc → q and
l(c − s) → a (s = sinh δ, c = cosh δ), one can show the
solutions exactly coincide with the nonextremal charged
rotating Kaluza-Klein black hole solutions [29] in the five-
dimensional minimal supergravity.
(ii) the limit to asymptotically flat solutions: In the
limit of r∞ →∞ with the other parameters fixed, we can
see k(r) → 1 and hence can derive the five-dimensional
asymptotically flat Cveticˇ-Youm solutions [14] with equal
angular momenta. In particular, this solutions admit the
limit to the supersymmetric BMPV solutions [10].
(iii) the extremal limits: Taking the limit of µ → 0,
l → 0, δi → −∞ with keeping µsici and l(ci − si) finite,
we have
ds2 = −(Z1Z2Z3)− 23
(
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µlc1c2c3
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)2
+(Z1Z2Z3)
1
3 ds2TN , (26)
where
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r2∞Hi(r∞)ρ
, (27)
T = t(H1(r∞)H2(r∞)H3(r∞))
−
1
3 , (28)
and ds2TN is the metric on self-dual Euclidean Taub-NUT
space written in terms of the Gibbons-Hawking coordi-
nate system, which is given by
ds2TN = V
−1(dρ2 + ρ2(σ21 + σ
2
2)) + V
R(r∞)
4
σ23 (29)
with
V −1 = 1 +
ρ0
ρ
. (30)
This coincides with the extremal three charge black hole
solutions in Taub-NUT space [35].
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